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Abstract
The Multi-armed Bandit problem is a sequential learning problem where
a player chooses an action from a predefined set of actions at every step
in time with the objective of maximizing reward, which is formalized as
minimization of regret. The MAB problem is important in many practical
applications such as packet routing and ad-targeting, and is closely related to
reinforcement learning in the artificial intelligence community. In this work
we map out the various assumptions, regret objectives, and algorithms for the
Multi-armed Bandit (MAB) problem, focusing on the more difficult setting of
adversarial (non-stochastic) rewards with only partial information feedback.
We make an effort to clarify the numerous definitions of regret that appear
in the literature by formulating few of them as special cases of more general
notions. Specifically, we explain commonly cited pure-strategy regret (the
regret of the best action played repeatedly), worst-case regret (regret against
any possible sequence of actions), and external/strategy regret (regret with
respect to a class of experts who recommend actions).
Keywords: Multi-armed Bandit, stochasticity

1. Introduction
Sequential learning problems are a class of problems where at each time
step t a player selects an element it from a finite set of actions, [K]. The time
horizon, T , of gameplay may or may not be finite. In the multi-armed bandit
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(MAB) problem, the player receives feedback x(t) from some bounded interval on the reals in the form of reward or loss for at least the action she chose
(partial information), and at most all the actions that were not played (full
information). In the stochastic setting, the rewards are generated randomly
and independently from K fixed distributions, however in the adversarial
MAB setting, there are no assumptions on how the rewards can be generated, and there are ways to quantify how difficult it is to perform against an
adversary (hardness). However, there may be assumptions about whether
the adversary knows what action the player performed, and it may possibly
be fully omniscient about the player’s beliefs and strategies. Specifically, the
non-oblivious adversary can generate reward xt from a function r(i1 , . . . , it−1 )
of at least the history of played actions, and possibly more information. An
oblivious adversary, on the other hand, cannot assign rewards that depend
on the current action or on any history of actions; this is equivalent to the
adversary fixing the sequence of rewards for each action ahead of time [1, 2].
The objective of the bandit player is to maximize gain G or minimize
loss L, depending on the rewards scheme. The notion of regret, denoted R
accumulated by a sequence of actions {i1 , i2 , . . . , iT } is characterized by how
much less cumulative loss the player could have incurred had she played a
different sequence of actions J = {j1 , j2 , . . . , jT }. The many definitions of
regret restrict what subset of the K T sequences can be compared, but in
all cases the objective is to minize cumulative regret irrespective of rewards
assigned to each action. It is commonly desired to achieve “vanishing” or
“near zeroregret which is sublinear in T , o(T ).
By default we will assume rewards are adversarial, and we will state
explicitly other assumptions that qualify a bound or theorem, and specify
which kind of regret the bound applies to. We note as well that these ideas
of bounds are truly approximations for optimal regret. Also, we note that
many papers prove their bounds in the limit as T approaches infinity, whereas
much of the work we discuss here holds for finite T .
We note that it is impossible to achieve sublinear regret with any deterministic strategy in the non-stochastic model, since an adversary can simply
give maximal reward to the actions the player did not take. However, the
key for all bandit algorithms is to choose the action by sampling it from a
probability distribution over actions, p(t), which the player updates as she
explores the action-reward space; p(t) is fully determined by the previous
plays and rewards received from them. This is known as a mixed strategy.
Treating actions as random variables drives us to formulate regret bounds
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with respect to the expected gains or losses of the player [1].
It is worth briefly mentioning the many connections to reinforcement
learning (RL) in the artificial intelligence community, as the MAB problem
is similar to a Partially Observable Markov Decision Process. In both settings, an agent selects actions at each time step and receives feedback in the
form of reward signals. Both settings involve an important exploration versus exploitation trade-off, which states that a learner should balance between
collecting new information by exploring new actions to make intelligent decisions in the future, with sticking to the best decision she knows so far.
However, in the RL setting, there is a notion of state and state-transition
probabilities: in each state the set of actions may change, and performing
an action may lead to a new state. Reward in the RL setting often depends
on both the state (or history of states) and the action played in that state.
The RL problem is quite a bit harder in that there can be uncountably many
states and it might not be possible to experience every state-action pair. The
goal in the RL setting is to learn a policy that maps states to the best actions
that maximize the expected cumulative discounted rewards. A MAB, on the
other hand, has no state (or one state), and there has been much work proving that nearly all actions can be explored optimally (for a non-adversarial
bandit) [3].
Standard notation that will be used throughout this paper:
K : The number of slot machines or actions
T : Time horizon of plays, possibly unknown
x(t) ∈ [0, 1]K : Reward vector at time t
xi (t) : The ith component of the vector x at time t
it ∈ {1, 2...K} : The user’s choice of arm at time t
J : {j1 , j2 , . . . , jT } any sequence of actions
xit (t) : The user’s reward from choice i at time t
GA =

T
X

xit (t) : The user’s cumulative reward for all actions taken

i=1

p(t) ∈ k-simplex : The user’s probability distribution over actions at time t
`t ∈ [0, 1]K : The loss vector observed or incurred at time t
F : a finite set of strategies, |F| = F
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2. Notions of Regret
Regret is what a player feels when she wishes she had taken a different
sequence of actions in the past. But which sequence should she compare to?
We discuss several of the most common definitions of regret in the community.
We note that there is much literature explaining how to convert an algorithm
that minimizes one type of regret into an algorithm that also performs well
minimizing a different definition of regret. See [2, 1] for some overviews on
these meta-algorithms.
2.1. Pure-Strategy (Weak) Regret
The simplest type of regret is pure strategy where a player compares
against choosing the same action every time1 . The gain of the best pure
strategy is the cumulative reward of playing that action for all T time steps
which maximizes the reward,
Gbest pure strategy (T ) = max

j∈[K]

T
X

xj (t)

t=1

and the regret is the difference in cumulative rewards (or losses) between the
best pure strategy and the sequence of actions {it }Tt=1 the player chose:
Rbest pure strategy (T ) = max

j∈[K]

T
X

xj (t) −

t=1

T
X

xit (t)

t=1

Since the action it played is randomized, it makes more sense to analyze the
expected regret:
E[Rbest pure strategy (T )] = max

j∈[K]

T
X

xj (t) − E[GA ]

t=1

The authors of [5] also proved high probability bounds on the expected pure
strategy regret of the form
P [Gbest pure strategy (T ) > GA (T ) + ] ≤ δ
1

Confusingly, this is also called weak regret in some literature, and various forms of
this are called internal or external regret in [4]
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specifically, this was O KT ln(KT /δ) with probability at least 1 − δ uniformly over T with adversarial rewards.
Lai and Robbins proved that for MAB in the stochastic rewards setting,
the player can achieve Rbest pure strategy (T ) = O(ln(T )) for the limit as T approaches infinity; this is also the optimal bound under those assumptions [6].
Thus, providing bounds that hold uniformly over finite T leads to a substantial gap in guarantees.
2.2. Worst Case Regret
Auer et al. describe regret in the adversarial setting with respect to the
best possible sequence of actions that could have been played (giving rise to
the worst possible regret) [5]. For any sequence of actions, (j1 , j2 , . . . , jT ) 2 ,
the worse-case regret is the difference between the the cumulative reward of
this sequence, G(j1 ,j2 ,...,jT ) , and the sequence of actions the player chose:
Rworst-case (T ) =

T
X
t=1

xjt (t) −

T
X

xit (t) = G(j1 ,j2 ,...,jT ) − GA

t=1

Obviously the worst case regret cannot vanish if we consider all K T possible sequences with respect to the most adversarial assignment of rewards.
To work around this issue, a notion of hardness, H, of a sequence is defined
as
H({j1 , j2 , . . . , jT }) = 1 + |{t ∈ [T − 1] : jt 6= jt+1 }|
the number of “switches” between actions. For instance, H({1, 1, 2, 3}) =
3. The worst-case regret bounds intuitively grow with the hardness of the
sequence to which the player’s actions are compared. The bounds of worstcase regret are respective of the expected reward of the player:
E[Rworst-case (T )] = G(j1 ,j2 ,...,jT ) − E[GA ]
The most general
p
 worst-case regret bound for the adversarial setting is
O SKT ln(KT ) [5], which holds uniformly over T and simultaneously for
all assignments of rewards to all sequences J = {jt }Tt=1 such that H(J) ≤ S.
2

particularly, the sequence that incurs the greatest gain
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2.3. External Regret
Another useful notion of regret compares the strategy the player employs
to a fixed set of strategies3 F, where a strategy f ∈ F is a function4 that
returns a probability distribution vector over the actions at every time step,
pf (t). A common instance in gameplay is a player asking an expert whether
x is the right action to take in time t, and the expert will either affirm
her decision or recommend an alternative (both in the form of a probability
distribution). Given assignments of rewards to each of the F strategies, the
expected gain of the best strategy is
Gbest-strategy (T ) = max

T
X

f ∈F

pf (t) · x(t)

t=1

where pf (t) · x(t) is the expected gain of strategy f at time t. This leads to
a definition of regret for the best strategy:
Rexternal (T ) = Gbest-strategy (T ) − GA (T )
Interpreting the F strategies as “experts”, which we use interchangeably, in
the setting of prediction from expert advice, the goal of the player is combine
the experts’ advice so that the expected regret is no worse than that of the
best expert. The expected regret with respect to the best strategy can be
bounded using algorithm Exp4 uniformly over T with high probability as
R(best-strategy) = O

p

T Kln(F )

where the F can even be exponential.
This can be improved, in many cases
p
quite substantially, to O( gKln(F )) if it is known that Gbest-strategy (T ) ≤
g [5]
Note that there are algorithms (like Exp4) that do not require the full
vector of returns x(t) and can provide bounds on the expected regret just
with partial information.
3

Several authors define external regret as the best pure strategy regret. We take the
approach of (Auer et al. 2002) and generalize it.
4
There are no assumptions or restrictions over the inputs or how these functions generate advice
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2.3.1. Other Terminology and Special Cases
Some authors define external regret as the expected regret of the single
best action played every time, which is what we call best pure-strategy regret
[1, 2].
Separately, one notion of internal regret captures whether the player
should have taken action u at every time step where she took action v, for
all K(K − 1) pairs of (u, v). This is also a special case of our definition of external regret: consider K(K − 1) experts f(u,v) , u 6= v such that f(u,v) (x) = v
if x = u and x otherwise. That is, when the player asks whether she should
play action x, f(u,v) will affirm her decision as long as x 6= u, else f(u,v) will
recommend v instead. Technically f(u,v) would return a probability vector
that is one-hot on the dimension of the recommendation and zero everywhere
else. Using these two definitions, it can be shown that internal regret here
upper bounds the external regret, but the converse is not true [1].
Generalizing to the extreme, consider K K experts representing
all
p
 functions f : [K] → [K], and bound this swap regret by O T Kln(K) in the
full-information setting. Both internal and external regret using these definitions are bounded above by swap regret, but the swap regret is itself bounded
above by K times the internal regret [2, 1]. In the arguably hardest scenario
with a non-oblivious √adversary and partial-information feedback, regret is
lower bounded by Ω( T K) [2].
2.4. Wide-Range Regret and Sleeping Experts
The pool of strategies or expert setting is clearly most general, and some
researchers allow flexibility for experts to be “asleep” and give no predictions
during a subset of time steps (this is often modeled as an activation function
A(f, t) ∈ [0, 1] which states how active or confident expert f is at time step
t, with 1 being fully active and 0 being abstain). The results generally show
that for each expert, the loss a player suffered is not much more than the
loss of the expert while he was awake [7, 2, 8]
With arbitrary classes of experts and boolean activation functions, Lehrer
proved sublinear regret can be achieved in the limit as T approaches infinity,
a result which was improved to hold for finite T and real valued activations
by Blum and Mansour [9, 2]
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3. Origins of Multi-Armed Bandit
Research on MABs begins in the fields of statistics from before 1950.
The original problem is given two populations, for example items from two
different factories, with some fixed distributions, we would like to compare
these populations for quality control purposes. One example would be to
find the difference in the mean of some measurement from these populations.
However, performing the measurements on a sample of the populations is
expensive, so the task is how best to distribute these observations between
the two populations [10]. Much of the formalism for what is called sequential
design, updating how one performs their experiments based on what they
have already seen, stems from Abraham Wald [11]. It is not too hard to
see this problem is more or less the same as the stochastic multi-armed
bandit problem: determining the best way to draw from fixed distributions
to minimize error.
4. Stochastic Problem
The simplest case of MAB is as follows: rewards for each machine are
drawn from some fixed distribution, and the distributions of all the machines are all generated from the same univariate density function. Lai and
Robbins[6] first devised an algorithm in 1985 to achieve an O(log T ) best pure
strategy regret bound as T approaches to infinity using statistical models.
The set of rules developed, transformed into an algorithm, is as follows:
Algorithm 1: Asymptotically Efficient Adaptive Allocation Rules
Parameter(s): 0 < δ < 1/K
for t = 1...T do
if t ≤ K then
choose action i = t
else
Let action i be i ∈ [1..K] that maximizes the estimated mean
µtˆ(i) such that action i has been choose at least δt times.
Take action i if µtˆ(i) does not fall within an upper confidence
bound of another j ∈ [1..K]. Otherwise take action j.
end
end
The basic idea for this set of rules is that you only explore if you are not
confident enough that you are choosing from the best distribution. Since
8

these rules are asymptotic, as the number of actions goes to infinity we are
eventually confident that we are picking from the best distribution. The
stochastic version is interesting to examine, but we will focus more on the
non-stochastic problem.
5. Non-Stochastic Problem
In this section, we will operate under the assumption of non-oblivious,
adversarial assignments of rewards, with all rewards xit (t) ∈ [0, 1]. Some
authors generalize to rewards on the interval [a, b], but it does not change
the bounds meaningfully. In all the algorithms below we state the best purestrategy regret unless otherwise stated. In this non-stochastic√setting, it has
been shown that the lower bound on expected regret is Ω( KT ) [5]. For
the state of the art algorithms there is still a roughly logarithmic factor gap
above this lower bound, but these are the best known algorithms for each
setting. It remains an open problem to close this gap in many cases.
5.1. Hedge and Full Information Settings
Under the assumption of full information, it becomes easier to identify
what the best choices are, and we can weight the actions based on how well
they have performed in the past. The Hedge algorithm keeps an internal vector of counters storing rewards obtained by each action s; action i is chosen
at time t with weight proportional to (1 + α)si (t) , which can be renormalized
at every time step to p(t). Using a variation on weighted majority algorithm
adapted for the full-information yet adversarial bandit setting, the Hedge
algorithm [12] reads:
Algorithm 2: Hedge
Parameter(s): α > 0
Let s = Vector of total rewards up to current time t
Initialize: si (1) ← 0∀i ∈ [1...K]
for t = 1...T do
Choose action it according to the distribution p(t):
si (t)
pi (t) = PK(1+α) sj (t)
j=1 (1+α)

Receive reward vector x(t) and reward for choice i, xit (t)
Set si (t + 1) ← si (t) + xi (t) ∀ i ∈ [1...K]
end
9

Using Hedge, we can bound the regret via:
T
X
t=1

P
( Tt=1 xj (t)) ln (1 + α) − ln (K)
p(t)x(t) ≥
α
GBest ln (1 + α) − ln (K)
α
ln (K)
α
≥ GBest − GBest −
2
α
p
≤ 2T ln (K)

E[GHedge ] ≥

RHedge

(1)
(2)
(3)
(4)

Equation (1) comes from Freund and Schapire’s work on bounding the loss of
the Hedge algorithm in the context of boosting problems [8]. Given a proper
setting of
pα, we arrive at the bound in (4). Thus, the Hedge algorithm gives
us a O( T ln (K)) bound on regret [12].
5.2. EXP3 and Partial Information Settings
In more realistic scenarios, we are unlikely to obtain the full rewards vector x(t) because only events that actually occurred can be measured. We turn
now to the partial information scenario and build off of the Hedge algorithm
previously described. Instead of tracking all rewards for each arm, Exp3
tracks those which were received, and constructs a simulated reward vector
x̂. Additionally, Exp3 incorporates a uniform prior over actions so that all
actions encouraged to be played at some point. Algorithm Exp3 stands for
“Exponential-weight algorithm for Exploration and Exploitation” [12]:
Algorithm 3: Exp3
Parameter(s): α > 0, γ ∈ [0, 1]
Initialize: As in Hedge
for t = 1...T do
Get the distribution p(t) from Hedge
Select action it to be j with probability:
p̂j (t) = (1 − γ)pj (t) + Kγ
Receive reward xit (t)
Update simulated reward vector as:
x (t)
x̂j (t) = Kγ p̂iit (t) if j = it , 0 otherwise ∀ j ∈ [1...K]
t
Pass simulated reward vector x̂ to Hedge
end
10

Using Exp3, we can bound the best pure-strategy regret:
K ln (K)
1−γ
(GBest ln (1 + α) −
)
α
γ
3 2/3
≤ √
g (K ln (K))1/3
3
2

E[GExp3 ] ≥

(1)

RExp3

(2)

Where (1) comes from first identifying a lower bound on the total reward,
and then applying the modifications to our x̂ vector to the Hedge algorithm proof. (2) comes from the assumption
that Gbest-strategy ≤ g, (we
p
3
(4K ln (K))/g, and γ is the min{1,
shorten
Gbest-strategy to GBest ), α =
p
3
(K ln (K))/(2g)}. Thus, the Exp3 algorithm gives us a O(g 2/3 (K ln (K))1/3 )
bound on regret [12].
Auer et al. later improved upon this bound by using an exponential instead of multiplicative update, where final step to update s(t) (in the Hedge
algorithm) is actually si (t+1) = si (t) exp (x̂i (t)) [5]. Additionally, the initialization step sets all values in s to be 1 rather than 0. These modifications will
become standard in the remaining algorithms we present, so we will denote
them as ”exponential updates”
phenceforth. The pure-strategy regret bounds
on exponential updates is O( gK ln (K)).
5.3. EXP3.1 and Unbounded Gain
Notice both bounds for Exp3 require knowledge apriori of a g ≥ GBest ,
in order to properly choose α and γ. This is often not realistic in all scenarios, and Exp3.1 [12] drops this assumption. Using Exp3 as a subroutine,
Exp3.1 accumulates rewards and doubles its estimate of GBest whenever the
reward for one action becomes bigger than the current estimate of GBest ; it
subsequently restarts the Exp3 subroutine with new and improved parameters.
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Algorithm 4: Exp3.1
Initialize: n ← 1, s̄i ← 0 ∀ i ∈ [1...K]
n
1 Set g(n) ← 2
2 Restart Exp3 using the parameters:
p
p
g = g(n), α = 3 (4K ln (K))/g, γ = min (1, 3 (K ln (K))/(2g))
3 Let Exp3 choose action it , updating the rewards as:
x (t)
s̄it ← s̄it + p̂iit (t)
t

4
5
6

7

if maxi s̄i > g(n) −
set n ← n + 1
Go to Step 1.
else
Go to Step 3.
end

K
γ

then

The best pure-strategy regret bound of Exp3.1 is:
p
p

2/3
Rpure−strategy [Exp3.1] ≤ 43 GBest 3 K ln (K) + K 2 3 ln (K)

(1)

Where the above is derived by identifying a bound on the regret from
each round, coupled with a bound on the number of rounds Exp3.1 goes
through before identifying a proper GBest . If GBest = Ω(K 3 ), then Exp3.1
2/3
bounds the regret [12] to O(GBest (K ln (K))1/3 ) for all. Just like in Exp3,
the authors later revised the algorithm to
puse exponential updates, which
achieve the improved regret bounds of O( KGBest ln (K)) [5].
So far, we have only used the notion of pure-strategy regret. However,
this compares the player’s action sequence to a very limited set of sequences,
and it would be useful to compare it to all possible sequences, the worst
case regret, which involves the definition of the hardness H of a sequence
introduced previously. Algorithm Exp3.S modifies Exp3 to achieve good
performance on worst-case regret [5].
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Algorithm 5: Exp3.S
Parameter(s): α > 0, γ ∈ [0, 1]
Initialize: si (1) ← 1∀i ∈ [1...K]
for t = 1...T do
Select action it according to the distribution p(t):
pi (t) = (1 − γ) PKsi (t)s (t) + Kγ ∀i = 1...K
j=1 j

Receive reward xit (t)
Set x̂j (t) = xj (t)/pj (t) if j = it , 0 otherwise
Update s(t) as:
PK
sj (t + 1) = sj (t) exp (γ x̂j (t)/K) + eα
i=1 si (t)
K
end
Auer et al. bound the worst-case regret as
s
p
KT
)
E[GExp3.S ] ≥ max(GJ − H(J) KT ln (KT ) − 2e
J
ln (KT )
s
p
KT
RExp3.S ≤ H(J) KT ln (KT ) + 2e
ln (KT )

(1)
(2)

Where GJ represents the gains for any sequence of pulls, p
J, whose hardness is H(J). The regret bounds can be rewritten as O(H(J) KT ln (KT ))
[5].
5.4. Expert Advice and Strategy Regret
Suppose now the player has access to a pool of experts or strategies from
F, each of which recommend a probability distribution over actions. In this
scenario, the goal is no longer to minimize pure-strategy regret (which is a
special case if F includes the pure strategies), but instead, minimize regret
with respect to the rewards received had the player chosen one of the expert’s
strategies for the entire game. This is known as external or strategy regret.
We denote the probability
that expert f ∈ F recommends at
PKdistribution
f
f
K
time t as p (t) ∈ [0, 1] , i=1 pi (t) = 1. In this setting, the best expert GBest
is the one that would have returned the greatest reward had his sequences
been played:
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GBest = max Ei1 ...iT

T
X

1≤l≤F


pf (t) · x(t)

t=1

E[Rexternal ] = GBest − E[GA ]
Adhering to the partial information assumption, Exp4 [12] (Exponentialweight algorithm for Exploration and Exploitation using Expert advice) modifies Exp3 to generate a new strategy from a weighted combination of expert
strategies that minimize external regret [12]. Exp4 enlists the Hedge algorithm as a subroutine.
Algorithm 6: Exp4
Parameter(s): α > 0, γ ∈ [0, 1]
Initialize: As in Hedge, but replace K with F
for t = 1...T do
Get the distribution q(t) from Hedge
f
Get the advice
PF vectorsf p (t) ∀f ∈ F; define the current p(t):
p(t) = k=1 qk (t)p (t)
Select action it to be j with probability:
p̂j (t) = (1 − γ)pj (t) + γ/K
Receive reward xit (t)
Compute simulated reward vector as:
x (t)
x̂j (t) = Kγ · p̂iit (t) if j = it , 0 otherwise ∀ j ∈ [1...K]
t
Define vector y(t) to be:
yj (t) = pf (t)x̂(t)
Feed vector y(t) to Hedge
end
The external regret is bounded above:
α
K ln (F )
)GBest −
2
αγ
2/3
1/3
Rexternal [Exp4] = O(g (K ln (F )) )
E[GExp4 ] ≥ GBest − (γ +

(1)
(2)

The analysis compares the expected gain of each action to that of the theoretical best expert. This analysis is a slight modification on Exp3, to take
into account a F dimensional vector rather than a p
K dimensional vector.
2/3
1/3
The O(g (K ln (F )) ) bound can improved to O( gK ln (F )) using exponential updates [5].
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6. Conclusion
To summarize the results in the literature, we include the following table
of regret bounds, omitting external and swap regrets, for which there are a
few results.
Table 1: Algorithms and Their Regret Bounds

Algorithm
Hedge
(full information)
Exp3
(partial information,
known GBest )
Exp3.1
(partial information)
Exp3.S
(partial information)
Exp4
(partial information,
advice of many experts)

Pure Strategy
p
O( T ln (K))

Worst Case

p
O( gK ln (K))

N/A

p
O( gK ln (K))

N/A

N/A
p
O( gK ln (F ))

N/A

O(H(J)

p
KT ln (KT ))
N/A

Here we present a summary of the regret bounds achieved by various algorithms, and
the assumptions under which those algorithms operate are italicized (all of them receive
non-stochastic or adversarial rewards, and the bounds hold for any finite T ). The rewards
at each step after playing one of K actions are on [0, 1]; if g, an upper bound to the
cumulative reward over time, is not known, note that g = O(T ) always. Bounds that were
not proved are marked N/A.

More recent work in dealing with MABs have generally changed the problem
in other ways from the assumptions made in the presented algorithms. For
example, there is the idea of contextual bandits, or using some additional
context to make decisions at each time t. However, we believe that this look
at non-stochastic and brief stochastic versions of the MAB problem are still
important to understand how many variants and bounds there are on this
problem.
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